We present a characterization of a bosonic field theory driven by a free (Gaussian) tachyonic Hamiltonian. This regime is obtained from a theory describing two coupled bosonic fields after a regular quench. Relevant physical quantities such as simple correlators, entanglement entropies, and the mutual information of disconnected subregions are computed. We show that the causal structure resembles a critical (massless) quench. For short times, physical quantities also resemble critical quenches. However, exponential divergences end up dominating the dynamics in a very characteristic way. This is related to the fact that the low-frequency modes do not equilibrate. Some applications and extensions are outlined.
I. INTRODUCTION
The study of closed quantum systems out of equilibrium has been developed extensively in the past few decades [1] [2] [3] , even though the main ideas can be traced back to the origins of quantum theory. This resurgence is due to the development of both experimental and theoretical tools that have sparked new interest in the foundations of statistical mechanics. Among the virtually infinite number of ways of driving a system out of equilibrium, one of the most popular ones is the so-called (global) quench. In this protocol, the system is prepared in the ground state |0 of an initial Hamiltonian H 0 , which is then let evolve unitarily according to |ψ(t) = exp(−itH 1 ) |0 , t ≥ 0,
where H 1 usually differs from H 0 in one or several of its external parameters (such as magnetic field, pressure, or on-site repulsion). The evolution of different physical properties (entanglement entropy, magnetization, extensive order parameters, etc.) can then be studied to determine the asymptotic dynamics of the system. On the other hand, tachyonic systems have a much more exotic history. They were original proposed as field theories describing particles that could have a group velocity larger than the speed of light [4] [5] [6] [7] . They are characterized by the dispersion relation
where µ is a real parameter. However, they were later understood on more physical grounds as instabilities that could still preserve Lorentz causality [8] and be related instead to symmetry breaking or condensation processes [9, 10] .
In this paper, we present a characterization of a bosonic field theory driven by a tachyonic Hamiltonian. We will obtain this regime from a theory describing two coupled bosonic fields after a regular quench. We will focus on free (Gaussian) * s.montes@csic.es systems [11] [12] [13] , so that everything can be characterized analytically. To the best of our knowledge, this type of quench has not been studied in the context of many-body quantum physics. Even though the driving Hamiltonian is unbounded from below, we will argue that the corresponding unitary evolution is well-defined. In particular, we will characterize the evolution of simple correlators, the entanglement entropy of a block, and the mutual information between disconnected subregions. We will show that the causal structure is very similar to the one obtained after a critical quench [13] [14] [15] . For short times, physical quantities also resemble the evolution of a massless quench. However, the resulting evolution will be dominated by exponential divergences that prevent the system from being close to a steady state regime. In other words, the system will not equilibrate, even in the sense of generalized Gibbs ensembles [3, 16] . Some applications and extensions will then be outlined.
II. COUPLED BOSONIC QFT
Consider two bosonic fields described by the Lagrangian density
We can rewrite this Gaussian theory using another set of bosonic fields
where m 2 ± = m 2 ± g. In the new variables, the fields are decoupled and their properties solely determined by their respective masses.
This seemly trivial manipulation allows us to translate the dynamics from the coupling of the original fields to the masses of the new ones. In particular, note that quenching the coupling of Φ 1,2 is equivalent to quenching the masses of Φ ± . We can exploit this relation to access regimes that would a priori seem rather artificial.
For instance, consider a global quench where we suddenly change the interaction g → g so that m 2 − = m 2 − g < 0. The resulting Hamiltonian density
has a negative mass term, i.e., it describes a tachyonic dispersion relation, giving rise to a Hamiltonian that is not bounded from below. Operators with these characteristics are usually considered pathological because the associated systems would be intrinsically unstable. However, as we will argue in more detail in later sections, this quenching procedure can still yield a well-defined unitary evolution in the Hilbert space of the original theory. We can then rigorously study the resulting evolution after the quench, even though the driving Hamiltonian lacks a proper ground state. We will call this quenching protocol an unstable tachyonic quench, or more simply, a tachyonic quench. The most popular way tachyonic field theories are handled in the literature is by adding an extra quartic term λΦ 4 . This bounds the Hamiltonian from below while providing a false unstable vaccuum around the quadratic maximum [9] . The most prominent use of this potential is in the symmetrybreaking mechanism that gives mass to gauge fields while preserving gauge invariance [17] . Free tachyonic systems can also be studied by themselves in a rigorous manner [4] [5] [6] [7] . One feature of these latter theories is the restriction of momenta, so that only |k| ≥ m is allowed. We will not need these constraints in the context of this paper because Hamiltonian (5) will only be used to define an unitary operator dictating the non-equilibrium evolution of a well-defined physical system.
In order to simplify the discussion, we will focus our analysis only on Φ − , i.e., on the field whose mass term changes sign after the quench. It should be understood that this is done in the context of the coupled bosonic theory (3) which provides a sensible physical realization.
III. QUENCHING THE FREQUENCY OF A SIMPLE HARMONIC OSCILLATOR
The mass quench of a free bosonic QFT has been studied extensively [11] [12] [13] . One of its main features is that each mode will evolve independently after the quench, with a new frequency determined by the new mass. All the relevant quantities, obtained from the fundamental two-point correlators, can then be reduced to the quenching of independent simple harmonic oscillators (HOs).
Before we study the many-body problem, we must compute the relevant quantities for a single HO. In this context, we want to study the evolution of the ground state of the initial Hamiltonian
described by the Gaussian state
under the action of the unitary operator obtained from an inverted quadratic potential
We can summarize the protocol as
This is the single-body version of the extreme tachyonic quench we want to study in the many-body context. Operator H 1 (8) is unbounded from below, so it is an illdefined Hamiltonian. However, we can make sense of it as an operator acting on the original Hilbert space. Consider the ladder operators that diagonalize H 0
In these variables, we have
We see then that H 1 is a self-adjoint operator that has a simple and well-defined action on the states of the original Hilbert space. Given that the associated unitary (8) will have a bounded spectrum, its action is also well-defined for all t [18] . The propagator for this evolution is given by
.
It corresponds to the familiar propagator of the simple HO after the analytic continuation ω → iω = ξ [19] . This remarkable yet natural result can be derived rigorously via the same computational techniques used for the HO [20] . We can compute the equal-time correlators using propagator (10)
Once again, note that these correspond to analytic continuations of the results obtained from the simple harmonic oscillator [12, 13] . One of the most prominent features of these correlators are that they grow exponentially fast. This means that we cannot associate a long-time stationary behavior to the dynamics. In other words, the system will not equilibrate after the quench [3] . If we use the energy levels of the original Hamiltonian as a reference, the expected occupation will evolve as
Note that quenching to a free particle (ξ → 0), we obtain a milder growth N → ω 2 0 t 2 /2. This implies that the unstable quench can be characterized both by the exponential divergence of the correlators and the occupation of the original energy levels.
IV. UV REGULARIZED QFT
In order to study the many-body version of the extreme tachyonic quench, we will use a standard UV regularized version of the usual free boson QFT. The UV cutoff will be particularly important for the analysis of the scaling of the entanglement entropy after the quench. We will work with a one-dimensional configuration, but all results can be extended to higher dimensions in a straight-forward way (see Appendix A for details).
Consider a set of N harmonic oscillators described by a set of canonical variables {p r ,q r } such that
We define the Hamiltonian
where a = L/N is the UV regulatization and we assume periodic boundary conditions. Using the Fourier transform
(similarly forp r ), where
where
Note that if we want a well-defined continuum limit
with a relativistic dispersion relation
the associated speed of light will be c = aΩ. Hamiltonian (15) implies that we can associate an independent HO to each mode k. If we quench the mass of the system, it will be equivalent to changing the frequencies from
We see that the oscillators will have two possible dynamics: a) Stable modes: If m ≤ 2Ω| sin(ka/2)|, the final frequency ω k will be real. In that case the evolution will be like a simple quench from a harmonic Hamiltonian to another. These modes will behave qualitatively as regular mass quenches [12, 13] . In particular, we expect this modes to equilibrate. Sotiriadis, Calabrese and Cardy [12] obtained an effective temperature for the equilibration of these modes by comparing it to the Matsubara propagator. It can be written as
If we assume that ω 0k ω k , we can find a simplified relation
The momentum dependence is consistent with the fact that integrable systems (such as free bosons) do not equilibrate globally after a quench. This is due to the presence of a macroscopic number of conserved quantities. Thermal ensembles should then be replaced by generalized Gibbs ensembles (GGE) that take into account all the independent integrals of motion [3, 16] . b) Unstable modes: If m > 2Ω| sin(ka/2)|, we expect these modes to behave according to the unstable quench we did for the simple HO in the previous section. It follows that they not only do not equilibrate, but also explode exponentially fast. As we will see in later sections, these modes (the low-frequency ones) will dominate the long-time behavior of the system. This makes it impossible to define an stationary ensemble that captures the qualitative physical properties after the quench.
V. A NOTE ON QUENCHING REGIMES
For simplicity, we will be working in the so-called deep quench limit [13] . It is characterized by an extremely massive initial state m 0 m, so that the initial correlation lenght vanishes and we have an effective product state. In this limit, all the correlations formed after the quench are due to the evolution, allowing for a clear analysis.
In our numerical calculations, we will set a = 1 and Ω = √ N . We will use the associated speed of light c = aΩ to give the correct relativistic scale to the time direction. Note that if m Ω, the harmonic oscillators will basically decouple and the evolution will be similar to N independent HOs. Also, the corresponding continuum limit will be an infinitely massive theory, which is very limiting. We will then prefer m Ω, so that the dynamical features are also prevalent.
VI. CORRELATORS AFTER THE QUENCH
Being a Gaussian state evolving according to a Gaussian unitary, we expect the state to remain Gaussian for all times after the quench. That implies that everything will be determined by the fundamental two-point functions. These correlators can be written as
Note that these functions are even in ω k , so there is no branch cut in the k complex plane due to the square root in definition (20) . Also, in the case ω 2 k is negative, both possible imaginary roots will give the same functions, so there is no ambiguity.
In the deep quench limit, there are some simplifications. The initial mass scale m 0 decouples in the correlators and we have
Note that these correlators are valid for |r − s|, t 1/m 0 .
VII. CAUSAL STRUCTURE AFTER THE QUENCH
Even though tachyonic theories are usually associated to superluminal particles, they are better undestood as instabilities in causal theories [8, 10, 21] . Propagation is still governed by causal Green functions, in such a way that information cannot move faster than the speed of light. In the context of the tachyonic quench, we can explicitly show that the causal structure is preserved during the evolution. First, consider the UV regulated Hamiltonian (13) . Being a local lattice system, the dynamics can be studied using LiebRobinson bounds [22] . For quadratic bosonic systems, the maximum speed of propagation can be obtained from the couplings of the Hamiltonian [23, 24] . Following [24] , we obtain (see Appendix B for details)
Commutators of operators that are "space-like" separated with respect to v LR will be strongly suppressed. In particular, if 2r > v LR t, we have
, whereÂ r (t) = U † tÂr U t and · · · is the operator norm. As we see in Fig. (1) , correlators agree with this causal lightcone. This is consistent with the associated speed of light (the extra e is due to the fact that this bound is obtained for general lattices [24] ).
The structure of the light-cone in the correlators is more explicit in the continuum limit, where causality is also preserved. If we set Ω = 1 a , we have
as a → 0 and
Note that this propagator will vanish for r > 2t. This follows from evaluating the integral by taking the principal value around k = ±m and closing the integration contour in the upper half of the complex k plane. (A similar argument is used in [8] to relate the dynamics of a tachyonic field to instabilities in the theory. See also [13] for an analysis of the case m → 0.)
VIII. ENTANGLEMENT AND MUTUAL INFORMATION GROWTH AFTER THE QUENCH
Entanglement entropy (EE) is perhaps one of the simplest measures that characterize the information interdependence between subsystems. Given that after a quantum quench a system can survey a big portion of the Hilbert space, the evolution of the EE of a fixed subsystem can be used as proxy to understand in an unified way the formation of new correlations. Observables in Gaussian systems are completely determined by the covariance matrix
In particular, all information about a subsystem A, composed of sites
The EE of subsystem A can be computed from the associated symplectic eigenvalues {σ n |n = 1, · · · , L}, where σ n ≥ 1/2. These correspond to the positive spectrum of iΓ A Ω sym , where Ω sym is the symplectic matrix
The EE is given by the formula [25] [26] [27] 
where f (x) = x log(x). Note that for very large symplectic eigenvalues σ n 1, we have Now, before we discuss the evolution of the EE after an unstable tachyonic quench, let us consider the long-time evolution of the correlators. If we take the continuum limit in eq. (24), we have
For large times t 1/m, we have
where we also used the deep quench limit. The integrand in (33) will be sharply peaked around k = 0, so we can do a steepest descent approximation and obtain
Similarly for p rps and Re q rps . This implies that all the elements in Γ A have the same exponentially divergent factor. We expect then that for ct L, we have
where the volumetric factor L comes from the number of symplectic eigenvalues. This behavior is universal. Note that this result is also valid for higher dimensions because the leading divergence of the corresponding correlators will also be an exponential (35). In Fig. (2) we see the evolution of S A (t) after an unstable tachyonic quench for blocks of sizes L = 1 and L = 10. We see there is a short transient time t trans ∼ L/Ω during which information propagates ballistically independent of m (see inset). This is the same type of propagation exhibited in the quench dynamics of conformal field theory [14, 15] . However, the instability of the driving Hamiltonians takes over and we end up with a linear growth (36). We can gain further insight about the growth of correlations by studying the mutual information between subsystems. For two disjoint regions A and B, it is defined as
This can be used as a measure of the amount of correlation between A and B, even serving as an upper bound for normalized two-point functions [28] . Figure ( 3) illustrates the evolution of the mutual information after a massless quench (m 2 = 0) and a tachyonic quench for two blocks A = {1, 2, 3} and B = {r + 1, r + 2, r + 3}. Both display an unbounded growth with a sharp light-cone. However, the massless quench only grows logarithmically in time, while the tachyonic grows linearly. Figure (4) shows this evolution for fixed distances. Note how the mutual information starts growing after t = r/2c, as imposed by the causal structure. In the same fashion as the EE, this implies that the massless modes dominate the dynamics for short times, but the instability ends up leading the behavior.
The linear growth of the mutual information after a tachyonic quench is remarkable because it shows that the divergence in the EE is not a simple artifact due to the size of the local Hilbert space. Also, note that the growth cannot follow from the asymptotic behavior (36) because that volumetric contribution cancels.
IX. POSSIBLE CONNECTIONS TO PHYSICAL SYSTEMS
Given the instabilities of the setting we have described, it is easy to see that any physical realization will have severe constraints. However, it is possible to find regimes that can approximate this type of quenches for certain periods of time.
In particular, if we include higher order terms in the Hamiltonian to constrain the instabilities, we expect that tachyonic behavior can be seen for timescales that are shorter than the ones that bound the dynamics.
Consider first an O(3) non-linear σ-model (NLSM) described by the Hamiltonian [29] 
where φ = (φ 1 , φ 2 , φ 3 ) is contrained by φ 2 = 1 and = φ × ∂ t φ. If we expand around a classically ordered state φ 2 3 ≈ 1, we can approximate the system as two independent bosonic fields described by the Lagrangian density
As we saw in Sect. II, we can obtain a tachyonic sector by adding a coupling of the form φ 1 φ 2 . We can justify this microscopically by using the well-known map that relates the O(3) NLSM to the antiferromagnetic Heisenberg spin chain [29] 
where S a n are the spin operators (a = 1, 2, 3), s 1 is the total (local) spin, and
Note that this interaction term will give rise to an unstable Hamiltonian in the limit s → ∞. Yet, the normalization constraint φ 2 = 1 will eventually bound the dynamics as soon as the approximation φ 2 3 ≈ 1 breaks down. Consider now a free boson with a quartic interaction
By considering a self-consistent substitution using the Hartree-Fock approximation [30] 
we can define an effective mass [13] 
If the mass is tachyonic m 2 → −m 2 , heuristically we expect the interaction to stop the instability after a characteric time t stable given by
As we discussed in previous sections, the correlators after a tachyonic quench develop an exponential growth. This implies that the interaction term λφ 4 must be very small compared to the rest of the characteristic terms in order to approximate a tachyonic evolution.
X. DISCUSSION
Tachyonic quenches are an exotic alternative for the study of bosonic field theories out of equilibrium. As we saw in all of the computed physical quantities, the causal structure is made manifest in a fashion similar to critical quenches. For short times, the evolution of observables may even be indistinguishable. However, tachyonic quenches are unstable and exponential divergences end up dominating the behavior. In particular, the low-frequency (unstable) modes c|k| < m are exponentially driven and cannot equilibrate.
Tachyonic (or more generally, unstable) quenches can be used as an intermediate preparation step for many-body states. If the driving Hamiltonian (8) is only used for a fixed time T , the resulting state will be highly excited in the low frequency modes while approximately thermal for the high frequency ones. This sets a sharp cut-off around the tachyonic mass, allowing for a dynamical separation of scales. Remarkably, a similar mechanism can be found in the statistical physics of fluids and interfaces, in processes described by the KuramotoSivashinski formula [31] .
In order to obtain similar dynamics in other physical systems, the driving Hamiltonian must have some sort of instability. However, being a pathological feature that is generally avoided, this unboundedness is usually absent by construction in physical realizations. For example, extending these constructions to fermions is not straight forward, at least using free Hamiltonians. This is due to the symmetries of the energy spectrum, that is traditionally interpreted as a Dirac sea. Spin systems could be used, but they would need very large quantum numbers, so that they can be close to the quantum rotor limit. In this case, the parameters must be chosen so that the characteristic times of the instability are shorter than the one imposed by the lower bound of the spectrum of the driving Hamiltonian.
Realizations may also use a λφ 4 potential. However, in order to exploit this resource at its fullest, the parameters must be chosen so that the quartic term becomes relevant after the exponential divergence becomes manifest.
Further work is needed to understand other types of unstable quenches. Interacting terms that produce unbounded Hamiltonians can for example be fine-tuned to obtain other types of long-time divergences. Characterizing approximate realizations using truncated local Hilbert spaces may also provide an interesting setting for future experiments using optical lattices.
with the dispersion relation
where k = (k 1 , · · · , k d ) and
Note that in the continuum limit (17) , the associated speed of light is still c = aΩ.
APPENDIX B: LIEB-ROBINSON BOUND FOR HARMONIC SYSTEMS
We will summarize some results about Lieb-Robinson bounds for harmonic systems following [24] . We will focus only on the type of Hamiltonians discussed in this paper and on commutators of {q i } for the sake of concreteness.
Consider the Hamiltonian
where X, P ∈ R N ×N are symmetric matrices. For simplicity, we will assume that P ij = δ ij and a nearest-neighbor Hamiltonian
where d(i, j) is the graph-theoretical distance. (Note that we are not assuming that the lattice has a particular spatial dimension.) If we defineq n (t) = e itHq n e −itH , we have [24] This identity holds even if H is unbounded from below because it is obtained using commutators ofq i andp i with exp(αH) via the Baker-Hausdorff formula [24] . Coefficient Cnm (t) can be bounded using the locality condition (51), so that 
where X is the operator norm and τ = X t.
For eτ < 2c, for c ∈ Z + , we have
